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We find a quantum mechanical formulation of proper time for spin 1/2 
particles within the framework of the Dirac theory. It is shown that the rate of 
proper time can be represented by an operator called the "tempo operator" , 
and that the proper time itself be given by the integral of the expectation 
value of the operator. The tempo operator has some terms involving the 
Pauli spin matrices, and the evolution of the proper time is influenced by the 
spin state via these terms. The relation between the tempo operator and the 
metric tensor is elucidated. 



1 Introduction 

Proper time is one of the most important concepts when we consider a particle 
in a gravitational field. In Einstein's theory of general relativity, the total of 
all events is taken to make up a Riemannian manifold with a metric tensor 
Qfj^u] the proper time of a particle is defined as the length of its orbit, and is 
interpreted as the time read by a clock attached to the particle. The so-called 
time delay, which is predicted from this interpretation, is now established 
through such phenomena as particle collapse and radiation redshift. 

In this geometrical description, however, a particle is treated as a single 
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geometrical point: It should be noted that the proper time of a particle is 
defined only in terms of its coordinates x^; 



On the other hand, a physical particle may have other degrees of freedom, 
such as spin, in addition to its position. Therefore the question is (Q-1) 
whether or not the rate of proper time is affected by the spin and if it is, 
then (Q-2) how should the classical formula be modified to account for 
it. In this article we try to answer these questions, focusing our attention on 
a spin 1/2 Dirac particle. 

The problem of a small classical spinning object in a gravitational field 
has been tackled by many authors, and the equations of motion have been 
found in various forms It is, moreover, known that there exists a 

coupling of quantum spin to space-time curvature which causes a deviation 
from geodesic trajectories j3]. It is natural, then, to consider that the velocity 
of a particle is affected by such a coupling as well. Therefore, judging from 
the classical formula ((H), we are led to the possibility that the rate of proper 
time is affected by the spin; this is the background to the questions (Q-1) 



In this article, in order to reach a quantum theoretical formulation of 
proper time for spin 1/2 particles, we consider two different routes: One starts 
with the Dirac equation in curved space-time, rewriting it as a Schrodinger 
equation, and then elucidating the influence of the spin on the velocity of 
the particle. Another approach starts with a paticular invariant integral, one 
which is a natural starting point when we deal with the proper time from 
the point of view of working with invariance under all general coordinate 
transformations and all local Lorentz ones. These two routes flnally converge 
on an identical deflnition for the proper time of the particle. This seems to 
the authors to indicate that there is some truth to the formulation thus 
obtained. 




(1) 



and (Q-2). 
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2 Spin 1/2 particle in a gravitational field 



We consider a spin 1/2 particle of mass m in curved space-time with a metric 
tensor ^f^^,. The Dirac equation for spinor ip is given by 

i^^VjDf^ip — mip = 0, (2) 

which is covariant for an arbitrary local Lorentz transformation. In Eq. 

7'' are the Dirac 7 matrices f3^, and Vj a vierbein ^ by which the metric 

tensor is related to 77^-: 

ViVjgf^u = Vij (= diag.(l, -1, -1, -1)). 
denotes covariant derivatives 

where the spin connection is given by 

= < (•^M^^ji. - {t^,}vjx) , (3) 

and S'^^ is the generator of the Lorentz group; S'^^(f) = for a scalar, S^^ip = 
(1/4) [7*, 7-']?/' for a spinor, and (S'^^A)'^ = if^A' — rf^A^ for a vector. Using 
equations (j21) and Q, we can show the continuity equation 

d,. (v^ V^7'<V^) =0 = (4) 

In this article, the gravitational field is assumed to be static in the sense 
that we can select a coordinate frame (x^) in which all components g^^ do not 
depend on t = Moreover we restrict ourselves to weak-field conditions, 
so that 

g^,u = Vt^u + {h^^ < 1). 
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If we expand Einstein's field equation for vacuum gravitational field in 
powers of h^^j, and if we keep only linear terms, then we get equations 



A V = 0, 



(5) 



where we have assumed the De Bonder's coordinate condition d^{^—gg^'^} 
0; this condition means, under our assumptions, that 
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^ djhoj =0, ^ djhij + -dih = = 1, 2, 3), 
3=1 i=i ^ 

where h = rj^'^h^y. In the following calculations, we use a vierbein 



^l-/lOo/2 V ^02 /i03 \ 

l + /iii/2 /ii2/2 /ii3/2 

/l2l/2 1 + /122/2 /l23/2 

\ /i3i/2 /132/2 1 + /133/2; 



(6) 



(7) 



with the subscript i denoting the row index and the superscript /z the column 
index. 



3 Schrodinger equation 



Using equations ©A©, (0) and ((7j), we can rewrite equation (j^J in the form 

idti^ = H^, (8) 



where 



and 



we set 



H = mp + + £ 



C = (l + 0)a-p, £ = - -(V X g) ■ a -g- p; 



= /ioo/2, g= {-hoi,-ho2,-ho3), 
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and 

p^^-iv^d,-'-id,h) (j = 1,2,3). (9) 
In the following calculations, we use an explicit representation in which the 



matrices are 



a, 



a, 



/3 



1 

,0 -1 

where the aj are the familiar 2x2 Pauli matrices and the unit entries in f3 
stand for 2 X 2 unit matrices. 



The operators pj defined by © are self adjoint with respect to the inner 
product 

and satisfy the commutation relations 



[Pj^Pk] = - Y^{-djhki + dkhji)di. 
^ 1=1 

The operator H is self adjoint with respect to the inner product 
is defined by 



= det 



gu 912 gis' 
921 922 g23 

\ 931 932 933 , 



-1 + hu + h22 + hss, 



and we have 



V-9 = (l + </>JV- 
Taking ((Zj) and (fTTjl into account, we have 



so we can rewrite equation ^ in the form 

3 



— ^gilj^^if) 



^l=l 
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(10) 



(11) 



In this article, we content ourselves with a non-relativistic particle and argue 
about the quantum mechanics governed by the Schrodinger equation (jHJ; the 
probability density is given by 



The presence of the odd term (9, coupling the large and small components 
of the Dirac spinor, necessitates the Foldy-Wouthuysen (FW) transformation 
[7j. After four FW transformations we find 

UHU^ = m/5 + m/?0-i(Vxg)-a-g-p+-^/3(l + 0)p2 

4 2m 

1 1 3 

-— /5(V0 X (j) ■ p + —P (^ijk{dihji)piak 

"^"^ i,j,k,l=l 

1 ^ 

+Y6^ + digj)piPi + piPi{djgi + digj)}crk 

to the order of where U denotes the product of those four FW trans- 

formations. 

For a given we define ipFW and two-component wave functions \& and 

X by 

i'FW = [/V = ( 

We now assume that ip is a. superposition of positive eigenstates of H. Then 
we have 

\xm=0{l/m^) (12) 
and therefore, for a non-relativistic particle, the equation (jH)) reduces to 

idt"^ = Hfw"^; (13) 
the Hamiltonian Hpw is given by 

Hpw = m + m0 - ^(V X g) ■ cr - g ■ p + -^(1 + 0)p2 

4 2m 



1 1 3 

- — (V0 X a) ■ p + — (^ijk{dihji)piak 

4?77. 4:171 . . , 

1 3 

+Y6^ ^ + 9igj)piPi + PiPiidjQi + digj)}ak 

to the order of 1/m^. 

Using Hamiltonian Hpw, we can show that 

1 1 
= + — (1 + + ^ 51 (Pi^ij + 

1 1 3 

1 3 

+ (^ijk{{dj9i + digj)pi+pi{djgi + digj)}ak 

j,k,l=l 
1 3 

2^ ^jki{idj9i + digj)pi+Pi{djgi + digj)}ak (14) 

for ? = 1,2,3. Pauh matrices are involved in the right-hand side: This 
indicates that the velocity of a particle is indeed affected by its spin state as 
presumed in the introductory section. 



4 An invariant integral 



Now we turn our attention to the integral 

jj'x^gi^{x)^m^), (15) 

where Vt denotes an arbitrary domain in space-time. This integral is invariant 
under not only any arbitrary general coordinate transformation but also any 
arbitrary local Lorentz transformation; the uniqueness of this integral will be 
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discussed in the concluding section from the point of view of working with 
those invariances. 

Let Q be of the form 

n = [to,t] X R3 

and define 

T{t) = f d^x^/^^{xy(3ilj{x) = f dt I d'^^^^i){x)^(3i){x), 
Jn Jto J 

then we have 

r(t)= fdt{m + <P)PW 

Jto 

by using the inner product (fTUj) . 

The rate dr/dt can be expressed by 

^r(t) = mi + = mw\Uil + <P)PU^\i^Fw) (16) 

and we find, to the order of 

f/(l + 0)/3[/t = (i + 0)/5_-l^/?(i + 0)p2 

1 1 3 

+ odd terms with the order > 1/m. (17) 
Substituting (fTTj) into (fTH|) . we have 

1 1 3 

(V0 X (j) ■ p + — ^ ejkl{^Jhil)(rkP^\'^) (18) 



to the order of 1/m^, where "odd terms" in (jl7p can be neglected by using 
fjl2|) . The operator occurring in the right-hand side of the above equation 
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(|18|) will be denoted by T and will be called the "tempo operator" : 

1 1 3 

(V(/) X cr) ■ p + — ^ ^ ejM{djhii)akPi. (19) 



j,j,/c,Z=l 



Using (jni), we can easily see that 



= i + 20-i^(i + 20)p2 + ^f:(a,0)p, 

1 1 3 



Now, we proceed to the final step of our calculations: We pay attention 
to the equation 

IT ^ V'"^^' 

one which is obtained from the classical formula (^J. We replace the c- 
numbers dx^/dt {i = 1, 2, 3) in the equality 

dx^ dx^ ^ _ , v-^ / dx^ dx^ \ / rfx \ v-^ dx^ , dx^ 



with the operators given by (HD). Then, using (jSJ and (0), we can show 
that 

where we set = 1. Thus we have proved 



r = ^/x^'gf,^,x•', 



which is the goal of our calculations. 
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5 Concluding remarks 



Our conclusions may be summarized as follows: 

1. A quantity r(t) with parameter t can be defined from an integral 
(|15p which is invariant with respect to all general coordinate and local 
Lorentz transformations. 

2. The rate dr/dt is represented as an expectation value of an operator T 
called the tempo operator. 

3. On the other hand, the Dirac equation in curved space-time reduces to 
the equation (fT^ from which we can get the velocity operator x. 

4. Finally, we can show that 



The authors consider that the above conclusion strongly suggests that this 
quantity r(t) should be interpreted as the proper time for the Dirac particle; 
the classical formula (Q) should be limited to the case of a scalar particle. 

The tempo operator T given by (fTU|) has some terms involving the Pauli 
spin matrices 0"^. The evolution of the proper time is influenced by the 
spin state via these terms; this is our answer to (Q-1) in the introduction. 
The equation ()2()j) means moreover that this influence is of such a form that 
the classical formula (0) can still survive if we reinterpret the formula as 
an equation between operators. The metric tensor seems to maintain its 
important role in quantum theory: This is our answer to the question (Q-2). 

In the following, we add some remarks. First, we have to estimate the 
strength of the interaction between the rate of proper time and the spin 




(20) 
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state. A typical term to be estimated is 

i;^(V0xa).p. 

The magnitude of this term becomes non-neghgible only when the gravita- 
tional field varies notably over the Compton wave length h/mc of the particle 
and when its velocity approaches the speed of light. Therefore, as far as lab- 
oratory experiments are concerned, the new effect is so small that it is very 
difficult to be measured. In this sense, our conclusion is open to the criti- 
cism that it is not verifiable. However, the authors think that this conclusion 
necessarily follows from accepting the Dirac equation Q. We hope that the 
importance of this is recognized and that, for example, the implications of 
the tempo operator are duly considered. 

Secondly, we have to explain why we may regard the rate of proper time 
to be expressed by an operatorF 

1. In the theory of relativity, the proper time of a particle depends on its 
history, in the sense that it is determined by the orbit in space-time. 
On the other hand, the rate of proper time does not depend on the 
history. 

2. In the quantum mechanics of a single particle, an operator can describe 
a physical quantity at t =constant but cannot, however, represent any 
quantity which depends on the history of the particle. 

3. Therefore, if we could define "the quantum mechanical proper time" 
of a particle in the Dirac theory, it would be natural to think that the 
rate of proper time can be represented by an operator, and that the 
proper time itself be given by the integral of the expectation value of 
the operator. 

Some investigations start from the postulate that proper time and rest 
mass are operators which satisfy a commutation relation |Hl El OH] • These 
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approaches lead to some desirable results, but at the same time face a funda- 
mental difficulty: If we let an operator correspond to the coordinate time t 
such that it satifies the relation [t, H] = i with the Hamiltonian H, then the 
spectrum of the Hamiltonian has to be continuous; this was proved by Pauli 
[TTj . This manifestly contradicts the existence of a discrete energy spectrum. 
Similarly, if we assume that the proper time r and rest mass m are operators 
which satisfy the relation [r, m] = i, we are led to a result that conflicts with 
the existence of a discrete mass spectrum. In this article, we have succeeded 
to find a quantum mechanical formulation of proper time within the Dirac 
theory for relativistic quantum mechanics. We did not require any additional 
assumptions such that the rest mass be represented by an operator. It has 
been shown that an operator corresponds to the rate dr/dt and that the 
proper time itself can be represented through the expectation value of this 
operator. Our method does not involve any logical difficulty. 

Next, we should explain the reason why we selected the integral ()15|) as 
our starting point. We assume for a while space-time to be flat and begin by 
flnding a matrix D for which the integral 

f dt{ilj\D\^p) = t dt [ d^:si^lj{xyD^{x) 

Jto Jto J 

can be interpreted as "the quantum mechanical proper time of the particle" 
which passes in the course of an interval [to,t] of coordinate time. In order 
to refer to "proper time" , this integral has to be invariant under all Lorentz 
transformations 

x'^ = L\x^. 

But to require that this invariance be represented by the equation 

j'^dt j d^^tljix^Dijix) = j^* dt' J d^^'^'{xyD^'{x') (21) 

is too formal. This is because Eq. ()2H) has no meaning, as the interval [tQ,t'] 
cannot be determined from the interval [to,t]. Accordingly, the authors de- 
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cided to represent this invariance by the equation 



/ d'^xilj{x)^D^{x) = [ d'^x'^'{x')^Di)'{x'), 



(22) 




where VL denotes an arbitrary domain in space-time and Vt' its image under 
the Lorentz transformation. 

If we take into account not only proper Lorentz transformations but also 
space reflection, then we can deduce from (j^^ that the matrix D must be 
j3 multiplied by a real constant. That is to say, our formulation for proper 
time necessarily leads us to the intgral 



If we bring this integral into the curved space-time in the simplest way, we get 
the integral (fTH|) . It is invariant under not only local Lorentz transformations 
but also general coordinate ones. 

Finally, we refer to other literature in which the Dirac matrix (3 plays an 
essential role: From the pioneer work of Fock |T2], much effort has been made 
to introduce explicitly the concept of an invariant parameter into the rela- 
tivistic quantum mechanics ^31 EI- In the majority of such contributions, 
the proper time is a c-number parameter and various proper time derivatives 
have been proposed. For example, Ellis ^3] defines, following Corben ^Hl, a 
proper time derivative of operator by 



and shows that this method enables us to derive some well known results 
for the Dirac equation in a comparatively effortless manner. There the Dirac 
matrix (3 is taken to connect proper time and coordinate time rates of change 
of operators. 

There exists a clear difference between such approaches and ours presented 
in this article: Our attempt has been founded on the view that the rate dr/dt 




dX _ ^ dX 
dr dt 
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is a measurable quantity and should be associated with an operator. The 
authors hope that this approach can cultivate a better understanding of time. 
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